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The cons t ruc t ion  of an  a lgo r i thm for  a numer i ca l  solut ion of the nonl inear  i nve r se  p rob l em 
is d i scussed  for  the case  of a genera l i zed  one-d imens iona l  hea t -conduct ion  equation in a 
reg ion  with moving boundar ie s .  The a lgor i thm is r egu la r i zed  in the Tikhonov manner .  

In expe r imen ta l  s tudies of a va r i e ty  of unsteady t h e r m a l  p r o c e s s e s ,  in s tudies of heat s t rength ,  and 
in var ious  t h e r m a l  t e s t s  it is  n e c e s s a r y  to  cons t ruc t  the t e m p e r a t u r e  field within the object  and to d e t e r -  
mine the t h e r m a l  boundary conditions f r o m  t e m p e r a t u r e  m e a s u r e m e n t s  within the object (this is the in-  
v e r s e  hea t -conduct ion  prob lem) .  

This  p r o b l e m  is known to be " inco r r ec t ly  formula ted"  ; i . e . ,  the des i r ed  r e su l t s  a r e  genera l ly  not 
continuous functions of the input t e m p e r a t u r e s .  This  fea ture  of the i nve r se  heat -conduct ion p rob lem is 
the main  difficulty involved in solving it; as  a r e su l t  of this fea ture ,  d i r ec t  methods do not give s table  
approx imat ions  of the des i r ed  functions with sma l l  t ime  s teps  in the in tegra t ion  [1]. If the t ime  s teps  
a r e  made l a r g e r ,  the r e s u l t s  may  becom e  ve ry  inaccura te .  

Regu la r ized  a lgor i thms  for  solving l inear ,  one-dimensional ,  i nve r se  hea t -conduct ion  p r o b l e m s ,  
which impose  no r e s t r i c t i o n s  on the s ize  of the t ime  in tegra t ion  s tep,  were  worked out in [2, 3]. If  the 
t h e r m a l  p r o c e s s e s  a r e  ve ry  intense  and last  for  a tong t ime,  the formula t ion  of the i nve r se  p rob lems  
genera l ly  becomes  v e r y  compl ica ted .  It b ecomes  n e c e s s a r y  to take into account the changes in the t h e r -  
mal  p r o p e r t i e s  of the m a t e r i a l  with the t e m p e r a t u r e ,  and in s e v e r a l  cases  it is n e c e s s a r y  to choose a 
hea t -conduc t ion  model  with in terna l  heat  and m a s s  sources  and with the motion of a liquid or gas through 
po re s  in the object .  Here  the boundar ies  of the object can move during the heating.  A typica l  example  of 
this  model  is the opera t ion  of a composi te  hea t -sh ie ld ing  m a t e r i a l  under  conditions of heat  damage  in the 
in t e r io r  and r e m o v a l  of m a t e r i a l .  

In the p r e s e n t  pape r  we p ropose  a method for  obtaining s table  solutions of the nonlinear inve r se  
p r o b l e m  for  a genera l i zed  one-d imens iona l  hea t -conduct ion  equation cor responding  to heat t r a n s f e r  in a 
porous  object with in terna l  heat and m a s s  evolution. The p r o b l e m  is t r e a t ed  in a reg ion  with moving boun- 
da r i e s ,  desc r ibed  by the functions X 1 (t) and X2(t ). The boundary mot ion can be caused by a l inear  r e -  
moval  of m a t e r i a l  or by t h e r m a l  or mechanica l  de fo rmat ion  of the object .  This  method is based  on a 
r egu la r i za t ion  by the Tikhonov method of an impl ic i t  d i f ference  scheme  for  in tegra t ing the heat -conduct ion 
equation along the d i rec t ion  of the spa t ia l  coordinate  [4]. 

Mathemat ica l ly ,  the p r o b l e m  is formula ted  as  the p rob l em of the spa t ia l  continuation of the solution 
of the heat -conduct ion  equation, f r o m  the boundary X2(t), at  which Cauchy 's  conditions a r e  specif ied [the 
heat  flux q2(t) and the t e m p e r a t u r e  f(t)], to the boundary  X 1 (t). If  the t e m p e r a t u r e  is measu red  within the 
object,  and if some  boundary  condition is known at the r ight -hand end of the region,  then  it is f i r s t  neces -  
s a r y  to solve the boundary-va lue  p r o b l e m  in the reg ion  between the point at  which the m e a s u r e m e n t s  a r e  
made and the r ight -hand boundary.  Then we can obtain the fo rmula t ion  of the i nve r se  heat -conduct ion 
p r ob l em with which we a re  concerned [4]. 

Our p rob l em  is thus to de t e rmine  the function Tw(t) f r o m  the conditions 
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c ( o  OTot oxO @ (T) oxOT 1 OT - -  - -  -" k (r) Ox =- * (r)' 

x ,  (t) < x < x~ (t), o < t .< t,., 

T (x, O) = qo (x), X~ (0) -~ x 4 X~ (0), 

T (X x (t), t) = T~ (t), 

T (X 2 (t), t) = f (t), 

- -  ~, ( T  ( X  2 (t), l ))  aT (X 2 (t), t )  _ q ~  ( t ) .  

Ox 

I n t r o d u c i n g  t h e  new v a r i a b l e s  

= x - -  X~ (t) , "r - t, 
X~ (t) - -  X~ (t) 

w e  t r a n s f o r m  t o  a r e c t a n g u l a r  i n t e g r a t i o n  r e g i o n  [5]. T h e n  p r o b l e m  (1)- (5) t r a n s f o r m s  t o  

(i> 

( 2 )  

(3) 

(4) 

(5) 

(6) 

0%[ -- IX 2 (T) Xl  (,[)]2 _ ~" (T) 02~TT0~ 2 ~-' 0~0~ 0~0T ~- 

C (T) [X, (T) - -  ~ (X~_ (z) - -  X, (~))l + k (T) OT 
+ x~ (~) - -  x ,  (r) o~ + * (r), 

0 < , ~ <  1, 0 < ~..< ~.,, 

T(~, 0) =q~(~), 0 ~ .  ~ < 1 ,  

T (0, x) = T~ (x), 

T(1, T) = f(~), 
)~ (T (I, ~c)) OT (1, z) 

�9 = q ~  0:)" 

(7) 

(8) 

(9) 

(10) 

(11) 

W e  i n t r o d u c e  t h e  d i f f e r e n c e  g r i d  r~ = {~i  = h i ,  i = 0, 1 . . . . .  n; r j  = A r j ,  j = 0, 1 . . . . .  m } .  A l i f a n o v  e t  
a l .  [4] h a v e  s h o w n  t h a t  w h e n  a n  i m p l i c i t  a p p r o x i m a t i o n  s c h e m e  i s  u s e d  i t  i s  n e c e s s a r y  t o  s o l v e ,  a t  e a c h  
i - t h  s p a t i a l  l a y e r  (i = n - -  2, n - -  3 . . . . .  0), a s y s t e m  of  n o n l i n e a r  a l g e b r a i c  e q u a t i o n s  : 

w h e r e  

AJTi+t i i r~(Ti--~ F~, ] 1, 2, , m - - l ,  - :  + Bi Ti + "-'i - i  . . . . .  

T? = • T~ n-t  + v~', 

(12) 

Ai = C{ , Bi = C~ IX{ + ~, ( X ~ - -  X{)] + k{ , ~{+, - -  2Z{ . 
- ~ T "  h ( X ' ; - -  X{) ~- h~(X~ - -  X{) '  ' 

�9 i / i k~ - D~ = C{ ~ T~+2 - -  3 (~.{ - -  ~.{+,) T~+, 4 C, [X, + ~, (X= - -  X{)I  4- . 
- -  2 A - - ~  ; F{  = h (X~ - -  X { ) *  ' h (X~ - -  X { )  ' ' T~+,  + ~}. 

H e r e  m a n d  v p  a r e  g o v e r n e d  b y  t h e  c o n d i t i o n  i m p o s e d  on t h e  s o l u t i o n  a t  r = Tm.  F o r  e x a m p l e ,  w i th  a n  
a p r i o r i  s p e c i f i c a t i o n  of t h e  s e c o n d  d e r i v a t i v e ,  i . e . ,  [ a 2 T i ( r m ) / S r  2] = C 2 = c o a s t ,  i = n - -  1, n - -  2 . . . .  , 0, 
i t  c a n  b e  s h o w n  t h a t  w e  h a v e  

F ~ - -  AT C~M "~ , r  A ? - - D 7  ~,?= , 
2 m B = '  , (13) A~ + , 2A7 + B~ 

w h e r e  A p ,  B im, D in ,  F m a r e  d e t e r m i n e d  f r o m  E q s .  (12) w i t h  j = m .  

F o r  s m a l l  t i m e  s t e p s  A r  a n d  i f  t h e  f u n c t i o n  f(r) i s  s p e c i f i e d  w i th  s o m e  e r r o r ,  t h e  " c o n d i t i o n a l i t y "  
of  t h e  m a t r i x  of  s y s t e m  (12) i s  p o o r ,  a n d  t h e  p r o b l e m  of  d e t e r m i n i n g  t h e  s o l u t i o n  of t h e  s y s t e m  i s  a n  i n -  
c o r r e c t  p r o b l e m  i n  t h e  H a d a m a r d  s e n s e  [6]. 
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i i li, i 7 i ........ 
Fig .  1. R e s u l t s  of the  s o l u -  
t i on  of the  m o d e l  p r o b l e m .  
Solid c u r v e )  e x a c t  n u m e r i c a l  
p r o b l e m .  1) Tw( r )  a c c o r d i n g  
t o  the  exac t  input  t e m p e r a t u r e s  

w i t h  e = 0; 2) p e r t u r b e d  in -  
put  da ta ,  Af] = ~0.05 f m a x ,  
j = 1 ,  2 . . . . .  m;  3) T w ( r )  
a c c o r d i n g  to  the  p e r t u r b e d  
da ta  with ~ = 0; 4) Tw( r )  ob-  
t a ined  by  the  r e g u l a r i z a t i o n  
m e thod  with  a = ~ c.0- 

T o  c o n s t r u c t  a s t ab l e  a l g o r i t h m  fo r  so lv ing  p r o b l e m  (12), we 
can  u s e  the  r e g u t a r i z a t i o n  me thod  of [7]. We w r i t e  the  T ikhonov  
func t iona l  in the  f o r m  

m--I  

% (o:) = ' ~  ,a~'r~+' Bi r i  D! T P '  Fi) ~ , " A " :  , ' ' ~ jd  ~ . . . . .  + + - -  T t i - i  -r- B~ Ti - -  

t = 2  

rtl 

~- ~' : T ? : '  ~k~ ~ (r~ - r i - ' )  ~ + - -  F~ + DI ~,)  + ( r ,  - -  , - v?f-  + A - - ~ -  
/ = 1  

2 + __~_k_~_ (T~ +'  - -  2T{ q- Ti- ' )  ~, (14) 
A~ 

w h e r e  ~ is  t he  r e g u t a r i z a t i o n  p a r a m e t e r ,  and k 1 > 0 and k 2 > 0 a r e  
c e r t a i n  nonnega t ive  n u m b e r s .  

Min imiz ing  (14) with r e s p e c t  to  a l l  the  T j., j = 1, 2, . . ,  m,  
1 

we find a s y s t e m  of non l inea r  a l g e b r a i c  equat ions  with a s y m m e t r i c ,  
f i v e - d i a g o n a l ,  p o s i t i v e - d e f i n i t e  m a t r i x :  

i+~ 
X a:.~ Ti----b j, ] =  1, 2 . . . . .  m, (15) 

k = ] - - 2  

w h e r e  

ai, 1 : 

( 2 k  I 5k~ ) 
( s b ~ + ( ~ ) ' + =  a ~  + a-e , i = l ,  

(A~-') ~ -+- (Bi)' + (Di+~) ' -"-- ~ ( 2k~ , 6ko 
. A ~  r b~ ~ ] 

j = 2 , 3  . . . . .  m - - 2 ,  

:B "-1'~ ~z  ( 2kl + 5k'2 
( A ? - 5 '  - ~ i j + (,,'2) ~ + \ A-W~- ~ - /  , 

] = m - - l ,  

: - 1  4 ~ [  k~ + kL,  l j = m ;  
i -i-1 , \ Ax 2 A1: } '  

\ A~- ,r } 

[o ,  ] - m; 

Ai +t D[ +1 + cz J ~ ; - ,  ] = 1, 2 . . . . .  m - -  2. 

O, ] = m - - - l ,  m; 

: 2#) : , ; - - B ~ D i % +  2 ; 

O,=F~ "' ,, ~ p ~ _ = p ,  ko ~e -:  F7 Be 4- : " 
- ~ A @  ' 

, m - - 2 ,  

~1-FI / - ) :+ l  b i = F {  -1A{-t --- F~ B{ + - ,  ~, , ] = 3 ,  4 . . . . .  m - - 2 ;  

�9 ,,,_: .... ,_, ~ FT-I  B=-1  = = #~ b,,,-t = Fi Ai -~ i - -  • vi - -  ~xC., . - -  " 
. A x .  2 , 

~:.,-1A,.-1 _L v'~ -+- 2aC~ ~kh: s b m == * i  i i , 

H e r e  the  t e m p e r a t u r e  T O = ~Pi is  a s s u m e d  known qui te  a c c u r a t e l y ,  s i nce  in  a r e a l  e x p e r i m e n t  it  i s  f re= 
1 

quent ly  p o s s i b l e  to  a r r a n g e  a cons tan t  in i t i a l  t e m p e r a t u r e  d i s t r i b u t i o n  and to  d e t e r m i n e  i t  a c c u r a t e l y .  
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The  so lu t ion  of s y s t e m  (15) y i e lds  the  r e g u l a r i z e d  d e s i r e d  funct ion for  a fixed p a r a m e t e r  a .  P r o b l e m  
(15) should  be  so lved  by  the  s q u a r e - r o o t  me thod .  

The  op t imum a p p r o x i m a t i o n  c a n  be  c h o s e n  by the q u a s i o p t i m u m - p a r a m e t e r  method  of [8] (a l +1 = 
~<al, ~4 > 0). Here  we choose  an  e f fec t ive  va lue  of the  p a r a m e t e r  which is cons tan t  fo r  a l l  i, i = n --  2, 
n - -  3 ,  . . . ,  0 :  

,Tw. t+i - -  T~.t I}. (16) rain {max i i 
t i 

If  we know the e r r o r  with which the  input data  a r e  spec i f ied ,  

m l 

6 = ~  ' 

w h e r e  ~j is the m e a n  s q u a r e  e r r o r  of the funct ion f(r) fo r  r = r ] ,  t hen  a b e t t e r  a p p r o x i m a t i o n  can be found 
by  us ing  the d i s c r e p a n c y  p r inc ip le  of [9]: 

(T~, - -  f y  T _ 5 ----- O. (17) 
1=1 

Here  TJn, j = 1, 2 . . . . .  m,  is the so lu t ion  of the  d i r e c t  h e a t - c o n d u c t i o n  p r o b l e m  in the r e g i o n  {}i -< ~ - 1, 
0 -< r -< 7m} under  condi t ion  (11) at  the  r i g h t - h a n d  bounda ry  of the  object  and with a known t e m p e r a t u r e  
T~, j = 1, 2 . . . . .  m,  at the l e f t -hand  end of the  r e g i o n  at } = }i" The va lues  of T! a r e  found by  so lv ing  
s y s t e m  (15). 1 

Using condi t ion  (17), we can  e i t he r  choose  the r e g u l a r i z a t i o n  p a r a m e t e r  at  each  spa t i a l  s t ep  o r  
choose  an  e f fec t ive  value  of the  p a r a m e t e r  for  the  en t i r e  r e g i o n  or  for  the  va r i ous  p a r t s  of the r eg ion .  

Condi t ion  (17) can  be used  to  c o n s t r u c t  an  a l g o r i t h m  fo r  au toma t i ca l l y  seek ing  the  p a r a m e t e r  c~. 
F o r  this  p u r p o s e  we c o n s i d e r ,  ins tead  of Eq. (17), the r e l a t i o n  

I 

F (p) = (T~--fj)~ - - 6  - '  = 0, p = - -  , (18) 
/ '=1 

fo r  which  we use  the Newton i t e r a t ive  method [10] 

P k + l  = P h  

w h e r e  the  de r iva t ive  F '  (p) is d e t e r m i n e d  n u m e r i c a l l y :  

F (p~) 

F '  (p~) 
( 1 9 )  

1 F (cz @ Aa) - -  F (o: --- Aa) 
F '  (p) _ 

p~ 2Aa 

This  a l g o r i t h m  fo r  so lv ing  the i n v e r s e  p r o b l e m  has  b e e n  i n c o r p o r a t e d  in an  A L G O L  p r o g r a m  for  a z 

B E S M - 6  c o m p u t e r .  The  r e s u l t s  ca lcu la ted  fo r  one mode l  example  a r e  shown in  Fig .  1. We t r e a t e d  the 
p r o b l e m  of d e t e r m i n i n g  the  t e m p e r a t u r e  of the  ou te r  s u r f a c e  of an  unbounded pla te  of th i ckness  b = 1 with 
cons tan t  t h e r m a l  p r o p e r t i e s  : 

C ( T ) = ~ ( T ) - -  l, k (T) = ~ (T) := 0. 

The  p la te  with fixed bounda r i e s  is hea ted  at i ts  ou ter  s ide  by heat  conduc t ion  at  a r a t e  ql(T) = 1; the o ther  
s u r f a c e  (q2 = 0) is insu la ted  [11]. 

The  t e m p e r a t u r e  at  the ou te r  s u r f a c e ,  Tw(T), r e c o n s t r u c t e d  on the  bas i s  of exact  input data  (grid of 
n • m = 50 • 50, AFo  = ( h A r / c b  2) = 0.02) is s tab le ,  even  with ~ = 0, when the  a l g o r i t h m  cons t i tu tes  a 
d i r e c t  so lu t ion  method .  When  a sawtoo th  p e r t u r b a t i o n  is imposed  on the  input data  (Af = e5% fmax) ,  a 
c l e a r l y  def ined ins tab i l i ty  a p p e a r s  in the ca lcu la t ion .  A s tab le  so lu t ion  of this  p r o b l e m  was  found by the 
method  of the q u a s i o p t i m u m  r e g u l a r i z a t i o n  p a r a m e t e r .  In this  c a s e  condi t ion  (16) was sa t i s f i ed  with a = 
0.86. 

N O T A T I O N  

C (T), spec i f i c  heat  at  cons tan t  vo lume ;  s (T), t h e r m a l  conduct iv i ty ;  k(T),  f i l t r a t ion  coef f ic ien t ;  
~(T), d i s t r i bu ted  heat  s o u r c e  (or s ink);  T,  t e m p e r a t u r e ;  x, }, coord ina te ;  t ,  T, t ime;  h, i n t eg r a t i o n  
s t ep  a long the  spa t i a l  coo rd ina t e ;  AT, i n t e g ra t i on  s t ep  a long the  t ime ;  ~(x) in i t ia l  t e m p e r a t u r e  d i s t r i b u -  
t ion;  q, hea t  flux; X, coo rd ina t e  of bounda ry ;  f, input da ta ;  i5, e r r o r  in  the spec i f i c a t i on  of the  input 
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temperatures;  Tw(T), temperature of outer surface; rm, value of the time interval at the right-hand 
boundary; ~, regularization parameter.  
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